Abstract. We study infinite finitely generated groups having a finite set of conjugacy classes meeting all cyclic subgroups. The results concern growth and the ascending chain condition for such groups.
0. Preliminaries. Throughout the paper we denote by G an infinite finitely generated group. We say that a group G has a threading tuple if there are non-trivial w 1 , . . . , w k ∈ G (the threading tuple) such that for every non-trivial g ∈ G there exists a natural number n such that g n is conjugate to some w i , 1 ≤ i ≤ k. The paper is motivated by the following question: Is there an infinite finitely presented group having a threading tuple? The question has arisen in model theory. The positive answer would provide a finitely axiomatizable strongly minimal structure (see [9] for group-theoretic connections with questions of this kind).
S. V. Ivanov has constructed several examples of finitely generated groups with finitely many conjugacy classes. One of the examples satisfies the condition that any proper subgroup is cyclic of order p, where p is a fixed prime (see [13] , p. 425). However the examples are not finitely presented and there is no hope to make them such. The reason is that Ivanov's construction uses the method of Olshanskiȋ, which is designed for producing infinitely presented groups.
Another way to obtain a finitely generated group having a threading tuple is to find a group G with a normal subgroup H such that: (a) the group H has a threading tuple and is allowed to be infinitely generated (for example quasicyclic); (b) G/H is a Burnside type group and for any non-trivial g ∈ G there exists n such that g n ∈ H \ {1}.
This idea is applied in Theorem 31.3 of [13] which provides a finitely generated group G with a normal finite subgroup H (contained in the center of G) such that G/H is a finitely generated group of exponent n and for any non-trivial g ∈ G, g n ∈ H \ {1}. It is clear that H forms a threading tuple of G.
In a sense the only known methods that give really unexpected finitely generated groups (at least in the class of periodic groups) are the ones of Olshanskiȋ and Grigorchuk. The latter can help to produce finitely presented groups with unusual properties [8] . Since Grigorchuk type groups ( 1 ) (realizable as Burnside groups of automorphisms of rooted trees) have subexponential growth, the following question looks quite important: Is there an infinite finitely generated group of subexponential growth having a threading tuple?
An example answering this question cannot be residually finite (see Corollary 0.2 below). Since Grigorchuk type groups are residually finite, the most natural way to obtain an example is to apply the idea described above: find a group G with a normal quasicyclic (or finite) subgroup H such that G/H is a Grigorchuk type group and for any non-trivial g ∈ G there exists n such that g n ∈ H \ {1}. Below we give some evidence that this is the only way that may give a required example, when additionally the FC-center is non-trivial.
On the other hand, it looks probable that demanding the ascending (descending) chain condition, a frequent property of Olshanskiȋ type groups, we can eliminate examples involving Grigorchuk type groups. This makes us think that most likely a finitely generated group having a threading tuple and satisfying the a.c.c. (d.c.c.) must be very similar to Ivanov's examples. We partially confirm this in Section 2.
The author is grateful to Krzysztof Krupiński for discussions.
Normal subgroups. The following observations show that the known Grigorchuk type groups do not have threading tuples.
Lemma 0.1. Let w 1 , . . . , w k be a threading tuple of G and let H be a non-trivial normal subgroup of G. Then
. . are representatives of all cosets of H in G then for any element g ∈ H there exist n ∈ ω and w j ∈ H such that g n is conjugate in H to some g −1 i w j g i . In particular , if H is of finite index in G then H has a threading tuple. If , moreover , the number of conjugacy classes of G is finite then the same holds for H.
We claim that the elements w
Since H is a normal subgroup, j ≤ l. If the index of H is finite then so is the number of elements of the form w g i j . The same argument proves the last statement of the lemma.
Corollary 0.2. If w 1 , . . . , w k is a threading tuple of G then for any proper homomorphism φ : G → G 1 there exists w i such that φ(w i ) = 1. In particular , G has no infinite descending normal series with trivial intersection. If G has finitely many conjugacy classes then G has no infinite normal series. P r o o f. We only comment the last statement: any normal subgroup and its complement is closed under conjugation.
Krzysztof Krupiński has pointed out that Corollary 0.2 implies that G in the corollary is not a finitely generated linear group: by a theorem of Maltsev (see [12] , p. 408) a finitely generated linear group is residually finite.
Since all Grigorchuk type groups are residually finite, they do not have threading tuples. In the next section we show that if a finitely generated group G of subexponential growth has a threading tuple then G is periodic with π(G) (the set of all primes dividing the orders of elements of G) finite.
Periodic groups. The finiteness of π(G) of a periodic group having a threading tuple comes from the following observation.
Lemma 0.3. If a periodic group G has a threading tuple then π(G) is finite. The group G has a finite number of conjugacy classes of elements of prime orders. P r o o f. Let w 1 , . . . , w m be a threading tuple. Let P be the set of all primes dividing the orders of w i . Then π(G) ⊆ P .
Let G be periodic and have a threading tuple. Since π(G) is finite we can find a threading tuple that meets any conjugacy class of elements of prime order.
Lemma 0.4. Under the above circumstances if G is not a 2-group then there are at least two conjugacy classes of elements of prime orders. P r o o f. The lemma is obvious if |π(G)| > 1. Let π(G) = {p}. We now use an argument from [7] . Let |g| = p and n 0 ∈ {2, . . . , p − 1} be chosen so that g and g n 0 are conjugate in G. Consider h such that h −1 gh = g n 0 . Then for any i we have
. This implies n m 0 = 1 (mod p). Since n 0 is prime to p we see that n
It is worth noting that Theorem 41.1 of [13] gives a finitely generated divisible p-group (p ≥ 3) containing a quasicyclic H (isomorphic to C p ∞ ) such that any element of G is conjugate to an element of H. It is clear that the elements of prime order in H form a threading tuple of G.
FC-center. The proof of the following lemma was suggested by the referee. It is more constructive than the original proof by the author.
Lemma 0.5. Let G have a threading tuple and let g ∈ G be of infinite order. Then there is a natural number m such that for infinitely many n with m | n the elements g m and g n are conjugate in G.
P r o o f.
For h, h ∈ G write h ∼ h whenever h and h are conjugate in G. Let w 1 , . . . , w k be a threading tuple in G. For g as in the statement, there exist integers l and i 1 such that g l ∼ w i 1 . Further, there exist exponents
Corollary 0.6. If a finitely generated group G has a threading tuple then its commutant G is of finite index in G. In particular , G is not solvable.
P r o o f. If [G :
G ] is infinite then G/G is an infinite finitely generated abelian group. So there exists g ∈ G such that for all i ∈ ω \ {0} the elements g i do not belong to G . Choose m < n as in Lemma 0.5. Then (gG ) n , (gG ) m ∈ G/G are distinct and conjugate. This is a contradiction.
It is well known that the union of all finite conjugacy classes of a group G forms a characteristic subgroup FC(G). We call it the FC-center of G. It is also well known (see [6] ) that for periodic G the FC-center is locally normal (any finite subset is contained in a finite normal subgroup) and its quotient by the center is residually finite. Moreover, if the center is infinite then it is a direct sum of finitely many quasicyclic groups.
Proposition 0.7. Let G be a finitely generated group having a threading tuple. Then (a) G has infinite conjugacy classes. (b) Let G be periodic and let H be an infinite normal subgroup of G. If H is a Chernikov group (i.e., a finite extension of a direct sum of finitely many quasicyclic groups), then there is a normal subgroup G 0 ≤ G such that G 0 is of finite index in G and its center Z(G 0 ) is a direct sum of finitely many quasicyclic groups. Theorem 31.3 of [13] provides a finitely generated group having a threading tuple with non-trivial (finite) FC-center.
1. Subexponential growth. As we noticed in the previous section, a finitely generated group having a threading tuple is not of polynomial growth (by Gromov's theorem finitely generated groups of polynomial growth are virtually nilpotent). Below we study what happens when the growth is subexponential. To a great extent the results of this section concern periodic finitely generated groups in general. The following proposition shows how such groups arise in our situation. Proposition 1.1. Let G have a threading tuple. If G does not have free 2-generated subsemigroups (in particular , if G has subexponential growth) then G is periodic. 
We may assume that m = 1 and n is sufficiently large. It is clear that h is of infinite order. The group generated by all h i gh −i , i ∈ Z, is locally cyclic but not cyclic. Thus it is not finitely generated. Lemma 1 of [11] states that if a group has no free subsemigroups then for any pair a, b of its elements the subgroup a b is finitely generated. So we get a contradiction. On the other hand, it is clear that a group having a free 2-generated subsemigroup is of exponential growth.
The proposition (and Lemma 0.3) shows that in order to find a finitely generated group of subexponential growth and with a threading tuple we may consider only periodic groups with π(G) finite.
We now describe some general property which is inconsistent with subexponential growth. This motivates our further results. Definition 1.2. Let G be finitely generated with a fixed generating set. A word w in the generators of G is geodesic if the corresponding element of G cannot be written as a shorter word. The length |g| of an element g ∈ G is the length of the corresponding geodesic word. A geodesic word w is called wide if there are infinitely many geodesic words which have prefix w.
The trace of G (denoted by Tr(G)) is the set of all words which are geodesic and wide with respect to the generators of G.
It is clear that the trace of an infinite finitely generated group is infinite. Let C g be the conjugacy class of g ∈ G. We say that a tuple c 1 , . . . , c l ∈ C g is orthogonal if for distinct X, Y ⊂ {1, . . . , l}, i∈X c i = i∈Y c i .
Let Prod(C g ) be the set of all g · g where g and (g )
(1) Any subword of w having empty intersection with the prefix of length s 0 is not conjugate to any element of Prod(C g ).
(2) There exists a sequence of prefixes ∅ ⊂ w 0 ⊂ w 1 ⊂ . . . w k ⊆ w k+1 = w such that |w 0 | ≤ s 0 and for any j ≤ k, ||w j+1 | − |w j || ≤ s and the sequence w −1
Then the growth of G is exponential. P r o o f. For G as above and a tuple h ∈ G we say that an element c ∈ G is h-paradoxical if for some word w 0 the trace of G contains infinitely many elements w with the following property: w can be presented as an h-word extending w 0 and geodesic with respect to the generators of G and if w 0 ⊂ w 1 ⊂ . . . ⊂ w is the sequence of its h-prefixes extending w 0 then all elements
We prove that the element g from the statement of the lemma is paradoxical with respect to the sequence h of all words of length not greater than s. Take an infinite geodesic word α such that any subword w ⊆ α satisfies (1) and (2) of the lemma. The existence of such an α follows from König's Lemma.
König's Lemma also implies the existence of an infinite sequence of prefixes w 0 , w 1 , . . . , w k , . . . such that for any k the elements w To see that g is h-paradoxical suppose that for some k ≤ l and e i , d i ∈ {0, 1}, the elements
are the same. Since w −1 k w l is a subword of α, condition (1) implies that the case k = l is impossible. Then the equalities e i = d i , i ≤ k, follow from the orthogonality.
Let g be paradoxical. It is easy to see that there is an infinite h-word γ, geodesic with respect to the generators of G, such that any finite sequence of its prefixes has the property of the above definition for g.
Then the rest of the lemma follows from the argument of Subsection 52 of [4] : express γ in the form w 0 h 1 h 2 . . . , where w i = w 0 h 1 . . . h i ; to a sequence e 1 . . . e l , e i ∈ {0, 1}, assign the element w 0 x
e is considered as a color of an edge. Since g is h-paradoxical, this creates a 2-tree (called paradoxical in [4] ).
We now return to finitely generated periodic groups. The theorem below is applicable if G has infinite normal locally normal subgroups (for example, if FC(G) is infinite). In a sense it states that then case (b) of Proposition 0.7 is most probable for G of subexponential growth (compare with Lemma 1.3). Theorem 1.4. Let G be a finitely generated periodic group and let H < G be infinite, locally normal and normal in G. For g ∈ H of prime order let W g be the set of all geodesic words w such that any subword of w and its inverse is not conjugate to any element of Prod(C g ), where C g is the conjugacy class of g. Assume that H is not Chernikov. Then there exists g ∈ H of prime order such that ( * ) there exists an infinite sequence w 0 , w 1 , . . . , w k , . . . ∈ W g such that for any k the sequence w
If for any p ∈ π(H) the conjugacy class of elements of order p is finite then the set of all elements of prime order generates a finite subgroup that meets every subgroup of H. In [3] V. Belyaev describes locally finite groups P for which there exists a finite subgroup F 0 < P such that for any non-trivial finite F 0 -invariant subgroup F 1 < P , F 0 ∩ F 1 = {1}. In particular, Theorem 2.5 of that paper asserts that such a group P has a normal subgroup N which is Chernikov and P/N does not have non-trivial finite normal subgroups. By local normality of H this implies that H is Chernikov, a contradiction.
Applying Theorem 2.5 of [3] again we deduce that for any finite subgroup F 0 < H there is a non-trivial finite F 0 -invariant subgroup F 1 < H with F 0 ∩ F 1 = {1}. Let g ∈ H be of prime order with an infinite conjugacy class C g such that for any finite F 0 generated by elements of C g an appropriate F 1 meets C g . As π(H) is finite, such a g exists. We show that g satisfies ( * ).
Since H is localy finite, it is of infinite index in G. Then G/H under the generators corresponding to the ones of G has an infinite geodesic word.
Its natural preimage γ in G is geodesic as well. All subwords of γ form an infinite subset of W g .
Since H is normal in G, any element of G is a product hw, where h ∈ H and w ∈ W g . By local normality of H we see that C g consists of finitely many sets g
where g i is conjugate to g in H. By the choice of g we obtain an infinite orthogonal sequence in one of the sets g (1) and (2) of Lemma 1.3: take w i := w
Then by Lemma 1.3 the growth of G is exponential.
2. The property that W g in Theorem 1.4 is infinite is a consequence of the fact that H is normal in G of infinite index. Notice that this condition entails that the words from W g not having subwords of finite conjugacy classes form an infinite set. To see this observe that H · FC(G) is a normal subgroup of infinite index. Indeed, if the index is finite, then H · FC(G) is a finitely generated group. We may assume that G = H · FC(G). Then G/H is a homomorphic image of the locally finite group FC(G). So G/H cannot be infinite and finitely generated. Now apply the argument of Theorem 1.4 to the group G/(H · FC(G)). 
a subgroup of the group G 1 generated by
Take g 2 = h −1 g 1 h and note that it generates a group G 2 containing G 1 . By the ascending chain condition we have G 0 = G 1 , a contradiction to the choice of m and n.
As we have already noted there is an example of a group having a threading tuple and satisfying the a.c.c. for subgroups (S. V. Ivanov). All elements of this group have the same prime order greater than 2. Our next result together with Proposition 2.1 shows that this example is not casual. Theorem 2.2. Let G be periodic, have a threading tuple and satisfy the a.c.c. for subgroups. Then there is an infinite G 1 < G having a threading tuple such that the set of involutions of G 1 is a finite subset of the center. P r o o f. Most of the arguments that we use are standard (for example, see [1] ).
Assume that G has involutions: 2 ∈ π(G). For p ∈ π(G) we define a p-Sylow subgroup to be a maximal locally finite p-subgroup. By the a.c.c. we deduce that any p-Sylow subgroup is finite.
We now prove that all 2-Sylow subgroups are conjugate. Suppose S is a conjugacy class of 2-Sylow subgroups and S ∈ S and T are non-conjugate 2-Sylow subgroups with |S ∩ T | maximal. First observe that |S ∩ T | = 1. Suppose |S ∩ T | = 1. Since S and T are nilpotent there are two involutions s ∈ Z(S) and t ∈ Z(T ). If s h = t then t ∈ S h ∩ T contradicting the maximality of |S ∩ T |. Since v = st is of finite order and s and t are not conjugate, the order of v is even and the corresponding involution u ∈ v commutes with both s and t. Let S 1 be a 2-Sylow subgroup containing u, s and let T 1 be a 2-Sylow subgroup containing u, t . By maximality, S and S 1 (and then S 1 and T 1 ) are conjugate. So, T 1 and T are conjugate and S and T are conjugate, a contradiction.
Let I = S ∩ T . By nilpotency, I is self-normalizing neither in S nor in T . Let i ∈ S ∩ N G (I) and j ∈ T ∩ N G (I) be involutory modulo I. Since the order of ij is finite in N G (I)/I we can conjugate T by an element of N G (I) such that i and j generate a 2-group in N G (I). Then a 2-Sylow subgroup containing I, i, j is conjugate to S. By the choice of S and T that 2-Sylow subgroup is conjugate to T , a contradiction.
Note that the argument above uses only the a.c.c. and thus it works in any subgroup of G. Let S be a 2-Sylow subgroup, Z = Z G (S), N = N G (S). We want to show that Z works as G 1 in the statement of the theorem (it is clear that all involutions of Z belong to S). If for x, y ∈ Z we have x g = y then S, S g < Z G (y) and there is g 1 ∈ Z G (y) such that S = S gg 1 . This implies that x and y are conjugate in N (by gg 1 ). So Z has a threading tuple with respect to the action of N . Since S is finite, Z is of finite index in N and each N -orbit splits into a finite number of conjugacy classes in Z. As a result Z has a threading tuple.
It remains to show that Z is infinite. First note that a centralizer of any involution in G is infinite. Otherwise by a well-known theorem of Shunkov [15] 3. Remarks. The ascending chain condition. 1. Let G be an infinite group having a threading tuple, satisfying the a.c.c. and having a minimal number of infinite conjugacy classes of elements of prime order. Then by Proposition 2.1 and Theorem 2.2, G is periodic with finite FC(G) and finitely many involutions. Let p ∈ π(G) witness an infinite conjugacy class. Then p = 2. Moreover, the argument of Theorem 2.2 shows that if a p-Sylow subgroup S has infinite centralizer Z, then there is y ∈ Z such that Z G (y) has p-Sylow subgroups non-conjugate in Z G (y).
2. The ascending chain condition implies the descending chain condition for centralizers of tuples. This shows that G has an infinite subgroup each of whose elements has finite centralizer. This implies the existence of g ∈ G of prime order such that g together with some conjugate generates an infinite subgroup (and the number of such conjugates is infinite, [16] ).
BN-pairs.
We start this remark with the definition of Λ-trees (see [2] ). Let Λ be a totally ordered abelian group. A Λ-metric space (X, d) is called a Λ-tree if:
(1) (X, d) is geodesically linear : for any x, y ∈ X there exists a unique metric morphism α :
An isometry s of X is called an inversion if s 2 has a fixed point but s does not. If s is not an inversion, the characteristic set A s is defined to be {p ∈ X : [p, sp]∩[p, s −1 p] = {p}}. Then one can define the hyperbolic length: l(s) = min{d(x, sx) : x ∈ X}. In this case A s = {p ∈ X : d(p, sp) = l(s)}.
Proposition 3.1. Let G have a threading tuple. Then any action of G on a Λ-tree is trivial : if g ∈ G is not an inversion, then 0 = l(g). If G is finitely generated , then G has property (FA): whenever G acts without inversions on a Z-tree, then there exists a vertex fixed by all elements of G. P r o o f. Let w 1 , . . . , w k be a threading tuple. Suppose 0 < l(g) for some g ∈ G. By Corollary 6.13 of [2] , l(g 2 ) = 2l(g); therefore we may assume that for each w i if l(w i ) is defined then l(w i ) < l(g). Let m ∈ ω and h ∈ G satisfy h −1 g m h = w i . Then again by [2] , Corollary 6.13, we have |m|l(g) = l(g m ) = l(w i ), a contradiction.
To see the second statement of the lemma apply Theorem 15 of [14] : G is not a non-trivial free product with amalgamation (by the previous paragraph) and Z is not a homomorphic image of G (by Corollary 0.6).
Corollary 3.2. If a BN-pair (G, B, N, S) has a threading tuple then its rank (that is, |S|) equals 1: G is doubly transitive. P r o o f. A theorem of Tits (Theorem II.1.8 in [14] ) states that G is the sum of N and the standard parabolic subgroups G s , s ∈ S, amalgamated along their intersections (recall that for H = B ∩ N the set S is a set of involutions generating W = N/H and the map X → G X = B X B, where X ⊂ S, is a bijection onto the set of all subgroups containing B).
Suppose |S| > 1. Notice that for any s i ∈ S the set G s i \ (G S\{s i } ∪ N ) is not empty. Indeed, since s i ⊆ N and B ⊆ N , there exists b ∈ B such that bs i ∩ N = ∅. It is clear that bs i ⊂ G S\{s i } .
We now see (by [14] ) that G has a non-trivial action on a Z-tree, contradicting Proposition 3.1.
The following question looks very interesting: Does there exist a finitely generated doubly transitive permutation group having a threading tuple?
